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Abstract

All measurements of mechanical properties of materials in the magnetic structural analysis are indirect
and relationships between the measured parameters are correlated. An important physical parameter of steel
is hardness. An increase in the correlation coefficient R and a reduction in the standard deviation (SD) are
achieved when controlling the hardness of steels with two-parameter magnetic methods compared to methods
that use a single measured parameter. However, the specific conditions and requirements for application of
the two-parameter methods remain unclear. The purpose of this article was to analyze conditions and the
achievable error reduction limit for two-parameter indirect determination of steels hardness and to compare
those with one-parameter methods.

In particular, we considered the mean Square Deviation (SD), 6, of indirect calculation of the physical
quantity F using two measured parameters x, and x, that are correlated with F' It was found that reduction of 6.
is most pronounced when x, and x, are inversely correlated with the maximum modulus |R| of the correlation
coefficient R between them. The most significant reduction in 6, occurs at similar values of the SDs o, and o,
between the true value of F and the values calculated based on the results of indirect measurements of /' using
each of the parameters x, and x,. The Results of the analysis are confirmed by an example of reduction in
SD when determining the hardness of carbon steels by measuring their remanent magnetization and coercive
force compared to use any one of these parameters.

This result can be applied to measurements in non-destructive testing and in related fields of physics and
technology. The Results of the analysis allow us to compare different parameters for indirect two-parameter
determination of a physical quantity, to select the optimal parameters, and to evaluate the minimum achievable
measurement error of a physical quantity by a two-parameter method before performing the measurements.

Keywords: indirect physical measurements, correlation coefficient, hardness, remanent magnetization,
coercive force.
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53.088 : 620.179.14
AHaJIU3 YCJIOBUM U JOCTHKMMOIO Mpeaesia CHUKCHHUS
NMOrPEeIHOCTH ABYXIIAPAMETPOBOIr0 MATHUTHOIO
onpeaeJeHus: TBEPAOCTH CTAJICH

C.I'. Canpomupckui

O0vedunénuviil uncmumym mawunocmpoenus Hayuonanonoti akaoemuu nayx benapycu,
ya. Axademuuecxas, 12, e. Munck 220072, Berapyco

Hocmynuna 20.03.2020
Hpunama k nevamu 28.07.2020

Bce u3mepenus Gpu3nKo-MeXaHUYECKHX CBOMCTB MaTepUalOB B MATHUTHOM CTPYKTYPHOM aHAJIM3E SB-
JISTFOTCS KOCBEHHBIMHU, a CBSI3M M@Ky HapaMeTpaMu UMEHOT KOPPESIMOHHBIN XapakTep. BaxHbiM Gu3u-
YECKUM TapaMeTPOM CTaJU sBJsieTcs TBEPAOCTh. MccnenoBaTenu qoOWIMCh MoBbIeHUs Kod(duinenta R
KOpPENSALUMHA U CHUKEHUSI CPEJHEr0 KBaApPaTUYHOIO OTKJIIOHEHHUs IIPU KOHTPOJE TBEPIOCTU CTAIEU ABYX-
[1apaMEeTPOBBIM MAarHUTHBIM METOJOM [0 CPAaBHEHHUIO C OJHOINAapaMeTpoBbIM. HO onrtumanbHbIE yCI0BUsA
MIPUMEHEHUS ABYXIapaMETPOBOrO METO/IA OCTAIOTCS HE YCTAHOBJIEHHBIMU. LI€NIbI0 CTaThU SIBIAJICS aHAIU3
YCJIOBHM U JOCTUKUMOTO MPEesia CHUKCHUS MOTPEIIHOCTH JBYXIIAPaMETPOBOI0 KOCBEHHOT'O ONPEACIICHUS
TBEPAOCTH CTAJIEN 110 CPABHEHUIO C OJHONIAPAMETPOBBIM.

HccnenoBano cpeanee KBapaTUYHOE OTKIOHEHHE Gy KOCBEHHOTO OIpenencHus pU3nIecKoil BeInuu-
HBI [’ C NCTIOJIB30BaHKEM JBYX [TAPAMETPOB X H X, , KOPPEISIHHOHHO cBsi3aHHbIX ¢ F. [lomyueno, uto addext
CHIDKCHHS G CHJIBHEE BCETO MPOSBIISICTCS NPU 00PaTHON KOPPEISILMOHHON CBS3H MEXKIY X, U X, C MaKCH-
MaJIbHBIM MOAYJeM |R| koa(duirienta R Koppesinuu Mex Ty HuMu. Hanbosee cyliecTBEeHHOE CHIIKEHUE
G MMEET MECTO NPH ONM3KHUX BEIMUYMHAX CPEAHUX KBaJIPAaTHUHBIX OTKIOHEHUH G, M G, MEKAY UCTUHHBIMU
3HAYEHUSAMM [ 1 3HAUEHUSIMU, PACCUYUTAHHBIMU 110 PE3yJIbTaTaM KOCBEHHBIX U3MEPEHUN I’ C UCII0JIb30BAaHU-
€M KaXXJ0ro U3 [apaMeTpoB X; U X,. Pe3ysbrarsl aHamu3a noATBEPKACHBI IPUMEPOM CHUXKEHUS CPEJHETO
KBaJpaTUYHOTO OTKJIOHEHUS ONPEAEIEHUS TBEPAOCTH YIIIEPOAUCTBIX CTAJEH 110 pe3yJibTaTaM U3MEPEHUS X
OCTaTOYHOW HAMAarHMYEHHOCTH U KOAPLUUTUBHOU CHJIBI [0 CPABHEHUIO C MCIIOJIB30BAHUEM JFOOOTO U3 3TUX
[1apaMeTpPOB.

O0J1acTh MPUMEHEHHS pPe3yJibTaTa — U3MEPEHUSI B HEPa3pyIIAONIeM KOHTPOJIE U CMEXKHBIX 00JIaCTAX
(¢u3vKKH ¥ TeXHUKU. Pe3ynbraThl aHaan3a MO3BOJSAT BHIOPATh ONTUMAIIBHBIC MAPAMETPHI JIIsi KOCBEHHOTO
JIByXIIapaMeTPOBOTO OMpEAeTICHUsI TBEPAOCTU CTANCH, OLICHUTh JOCTHKUMYIO MOTPEIIHOCTh ONMPEACICHUS
TBEPAOCTH.

KuroueBsble ci1oBa: KocBeHHBIE (U3NIECKIE N3MEPEHHST, KOOPPHUIMESHT KOPPEISAIUH, TBEPIOCTD, OCTATOTHAS
HaMarHWYeHHOCTb, KOOPITUTHBHAS CHIIA.
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Introduction

An important physical parameter of steel is
hardness — property of a material to resist plastic
deformation upon contact in the surface layer. HRC
hardness according to Rockwell is most often used
to characterize the hardness of heat-treated steel [1].
The importance of this parameter is also determined
by the fact that the hardness of the metal is closely
related to its mechanical properties: the conditional
yield strength o,,; the tensile strength o,; and
the relative restriction y [1]. The results of HRC
hardness measurements can be used to determine (or
at least to provide a very accurate estimate) for the
2> Op, and y of steels [2]. This means that a non-
destructive method for determining the hardness
of steels allows one to control an entire set of its
mechanical properties.

Magnetic structural analysis consists in the
non-destructive determination of the mechanical
properties of materials by measuring their magnetic
parameters [3]. Measurements of the mechanical
properties of materials in magnetic structural analysis
are indirect. The physical basis for the presence of
correlations between the mechanical and magnetic
properties of steels is that these properties (each in
its own way) are determined by the structure of the
metal (stresses, distribution of dispersed particles
in the alloy matrix, defects in the crystal lattice,
grain size) formed during heat treatment [3, 4].
These dependencies are influenced by random
factors. Therefore, the relationships between the
mechanical and magnetic parameters of steels are
not functional, but correlative. The coefficient R
of correlation between the results of direct and
indirect measurements of the mechanical properties
of steels is also influenced by the inevitable errors
in the measurement of mechanical [1] and magnetic
parameters [5].

To increase the reliability of magnetic structural
analysis, a combined use of several magnetic
parameters was proposed. Analysis of the theoretical
foundations of such methods, experiments, and
modeling showed a strong influence of errors in
measuring the parameters used in multiparameter
regression equations on the reliability of control [6—
10]. Nevertheless, multi-parameter models are used
to calculate the hardness of HRC steels [11, 12].
The results of measuring the coercive force H,. of
steels, their relaxation magnetization M/, relaxation
magnetic susceptibility y,, quadratic terms ch, sz
and the product y,M,, are summed with different

weight coefficients. This made it possible to
obtain ultra-high correlation coefficients (up to
R=0.9999 [11, Table 1]) and small mean square
deviations (SD) between the results of measuring
hardness and its determination using the developed
indirect calculations. Similar results were obtained
in studies [13—15] and other works. However, it
was established in [5] that the numerical values
of H,, M, and ¥, given in [4] are substituted into
the multiparameter equations for calculating the
HRC of steels in[11, 12]. Ultra-high correlation
coefficients R between the results of calculation
and measurement of HRC of steels and small SD
between them in [11, 12] were obtained by choosing
the weight coefficients of the terms. The inevitable
errors in measuring magnetic parameters and
calculating algebraic combinations were not taken
into account. A set of statistical control data under
the influence of interfering factors and correlation
analysis were not carried out.

In [16], an analysis of the technique [11, 12]
was performed. In the analysis, "for the sake
of simplification", it was assumed that in the
methodology [11,12] "the initial independent
variables had an error of 1 %, and those obtained by
calculation from the initial ones had a 2 % error".
It was found that the error in calculating the HRC
of steels according to the method [11, 12] "can be
tens of percent or more". However, it was shown
in [17] that the measurement error for each of the
relaxation magnetic parameters used in [11, 12]
is not 1 %, but itself can be tens of percent. And
algebraic operations inevitably increase the resul-
ting calculation error [18]. Therefore, the practical
application of multiparameter control of the struc-
ture of steels according to the method [11, 12] and
similar ones has not been reported so far.

Meanwhile, the authors of [19] have achieved an
increase in the correlation coefficient and a decrease in
the root-mean-square error of control of the hardness
of steel pipes in industrial conditions by the two-
parameter method (from H, and remanent induction
B,) in comparison with the one-parameter (from #,)
method. The optimal conditions for the application
of the two-parameter method have not been
established, however. The formula for the indirect
measurement error for the case of a function of two
variables is given in [20]. This formula does not take
into account the correlations observed in practice
between the measured variables. This hinders the
effective use of multiparametric magnetic structural
analysis methods in practice.
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The purpose of the article was to analyze the error of two-parameter indirect measurement of steel
conditions and the achievable limit for reducing the  hardness in comparison with one-parameter methods.

Table 1

The results of measuring the magnetic parameters and HRC hardness of carbon steels in [4] and the
results of calculating their HRC using different formulas

Measurement results in [4] HRC calculation results using the formulas:
0
R R R SR e
20 23 0.865 46 52 49.8 50.9 50.9
150 2.25 0.870 45 51.5 49.7 50.6 50.6
200 2.1 0.876 44.5 49.9 49.7 49.8 49.8
250 1.43 0.970 43.5 41.1 47.7 44.4 44.3
300 1.22 1.007 44 37.4 46.3 41.85 41.6
350 1.13 1.070 41 35.7 433 39.5 393
30 400 0.995 1.145 38 32.8 38.5 35.65 35.5
450 0.873 1.248 34 29.8 299 29.85 29.8
500 0.876 1.265 32 29.8 28.2 29 29
550 0.866 1.277 26 29.6 27 28.3 28.3
600 0.834 1.280 23 28.7 26.7 27.7 27.7
650 0.730 1.235 19 25.6 31.1 28.35 28.2
20 3.0 0.910 60 58.1 49.2 53.65 53.5
150 2.7 0.919 55 55.7 49 52.35 52.2
200 2.46 0.932 53 53.5 48.7 51.1 51
250 1.55 1.027 50 429 45.5 44.2 442
300 1.34 1.018 45 39.6 459 42.75 42.6
350 1.26 1.021 45 38.2 45.8 42 41.8
» 400 1.12 1.136 42 355 39.2 37.35 373
450 1.02 1.271 37 333 27.6 30.45 30.3
500 1.03 1.276 34 33.6 27.1 30.35 30.2
550 1.05 1.280 29 34 26.7 30.35 30.1
600 1.04 1.248 26 33.8 29.9 31.85 31.8
650 0.880 1.250 20 29.9 29.7 29.8 29.8
rcnzzri?;incizmcg:fglc{ignt R of the results of calculation and 0.868 0.860 0.901 0.899
SD between calculation and measurement of HRC, HRC units 4.81 4.58 4.17 4.22
Physical model for analysis F(x)=600) )
Let us establish that the physical quantity F (in
the particular case, the HRC hardness of a steel) can ~ @nd
be determined by measuring the correlated parame-
ters x, and x, related to it based on the dependencies: F(xy)=,(xy). @)
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Moreover, we denote the root-mean-square
deviations (SD) of the results of determining the
quantity F according to equations (1) and (2) from its
true values as 6, and 6, respectively, and assume that
the parameters x, and x, are correlated with each other
with the correlation coefficient R (-1 <R <1). We
use the results of measurements of both parameters
x, and x, to determine the physical quantity /. The
value of F is calculated as the arithmetic mean of
its definition by formulas (1) and (2):

F(xl,x2)=0,5[¢l(xl)+¢2 (xz)]~ 3)
Analysis and its results

Let us analyze how the SD wvalues, ¢, and
o, and the value of the correlation coefficient R
between the parameters x, and x, affect the SD o
of the indirect determination of the physical quantity
F by equation (3). It is known from the theory of
probability that the variance D(x; + x,) of the sum of
two random variables x, and x, in the general case is
equal to [21]:

D(x, +x,)=D(x)+D(x,) + ZKW2 , %

where D(x,) is the variance of x,; D(x,) — variance x,;
o, and o, — SD values x, and x,; R is the correlation
coefficient between them; me = Ro,0, — their cor-
relation moment.

From (4), the SD oy of the sum of the quantities
x, and x, is [21]:

Gy =\/0% +2R0,G, +02. %)

Taking into account (5) and (3), we obtain the
SD o, of the indirect determination of the physical
quantity F according to equation (3) an analytical
expression:

6, =0.5\0’ +2R0,0, + 0. 6)

To generalize the analysis, we introduce the
relative values:

G,=0,/0, and G, =0,/0,. O

The value G, shows how the use of the second
parameter x, to determine the value of F* decreases (if
G, <1)orincreases (if G, > 1) the SD of the indirect
measurement according to equation (3) compared
to using only the parameter x,. In the notation (7),
from (6) we obtain:

G, =051+ 2RG, +5.. ®)

Figure 1 shows the results of calculating the
dependences Gr =70Gx(G,) by formula (8) in the
range 0 <G, <3 for different coefficients R of the
correlation between the parameters x, and x, in the
possible range —1 <R <1 of its change. Figure 2
shows the results of calculating the dependences
by G, =06 (R) formula (8) at different values in
the range of —1 <R <1. Taking into account the
symmetric influence of the parameters x, and x, on
the result of calculating the value of F(x,, x,) by
formula (3), for analysis in the case of 0 <G, < 1, the
parameters x; and x, can be swapped and the case
G, > 1 can be considered.

The analysis of the dependences shown in
Figures 1 and 2 shows that values G,<1 cannot
be achieved at any values of R if G,>3. In these
cases, the use of the two-parameter method cannot
provide a decrease in SD for indirect measurement
of F in comparison with the one-parameter method.
At 1 <G, <3, the value decreases as R decreases and
approaches the value —1. From (8) it follows that the
condition 6 < yis satisfied for values of R satisfying
the equation:

R<(4y-1-53)/(25,). ©)

Or
2

1.5

0.5

0 1 ) 3]62

Figure 1 — Dependence of the relative standard deviation
G of the results of determining the physical quantity F
according to the formula (3) on the relative standard
deviation G, of the second parameter: 1 — 7 — respectively
atR=1;0.5;0;-0.5;-0.8;-0.9; —1. Calculation according
to the formula (8)

Figure 3 shows the isolines of the function G.=y
at different y in coordinates (G,, R). The analysis of
the dependences shown in Figure 3 shows that a
necessary condition for a two-fold () = 0.5) decrease
in the SD of the measurement of the parameter / by
the two-parameter method compared with the one-
parameter method is the simultaneous fulfillment of
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the conditions R <—0.5 and 1 <G, <2. Inpractice, on
can note that an approximately four-fold (y = 0.25)
reduction of the SD can be achieved for a two-
parameter measurement of a physical quantity <
in comparison with a one-parameter measurement:
this requires the simultaneous fulfillment of the
conditions R<—-0.9 and 1<G,<1.5 (area below
curve 4 in Figure 3).

/

0 s .

-1 -0.5 0
Figure 2 — Dependence of the
square deviation G of the results of determining the
physical quantity F' according to the formula (3) on the
coefficient R of the correlation between the parameters x;,
and x,: 1 — 4 — with the relative standard deviation G, of
the second parameter, respectively, equal to 1; 1.5; 2; 3.
The calculation according to the formula (8)

Or
1.5

0.5

1

root-mean-

0.5

relative

R
1

1.5

2 2.5

Figure 3 — Isolines of the function G, =y in coordina-
tes (G,, R): 1 —4 — when y is equal to: respectively, |
0.75; 0.5; 0.25. Calculation by the formula (9)

>

Solving inequality (9) with respect to the
parameter G,, we obtain:

G, <—R+\R*+4y” 1. (10)

Knowing the correlation coefficient R between
the parameters x, and x,, it is possible to calculate the
ratio G,=0,/0, (1 <G,<3) using equation (10),
which, when determining the value of F by the

parameters x; and x,, will provide the required
decrease (0 <y <1) in the SD G for the indirect
measurement of F by the two-parameter method
compared to the one-parameter method.

As an example, the results of the analysis are
confirmed by a decrease in the error in determining
the hardness HRC of carbon steels after tempering at
atemperature 7, by measuring their coercive force A,
and remanent magnetization M,, compared to using
any one of these parameters (Table 1, Figures 4, 5).
For analysis, we used the measurement results in [4,
Tables 1.1 and 1.3] of H,, M,, and HRC of steels 30
and 45. The parameters H, and M, given in [4] were
measured by standard methods GOST 8.377-80
"Magnetically soft materials. Measurement techni-
que for determining static magnetic characteristics".
The relative error of their measurement does not
exceed +2 % and + 3 %, respectively. The corre-
lation coefficient R between H, and M, according to
Table 1 was — 0.853.

Statistical processing of correlation depen-
dencies between H, and HRC (Figure 4a), M,
and HRC (Figure 4b) and plotting the trend lines
of these dependencies were performed in the
Microsoft Excel program. The following equations
were obtained for determining the hardness HRC
of the investigated steels from the results of
measuring their /, and M, (where 1, = 1 m/kA and
1, = 1 m/MA are dimensional factors):

HRC = ¢ (H,) =22.965-In(t,H,) +32.874-1,H_;  (11)

HRC = 6,(M, ) =-115.76-(1,M, )’ +192.61-T,M, —30.228. (12)

The data given in Table 1 show that the value
of the SD between the results of calculating the
hardness HRC of the investigated steels according
to formula (3), using formulas (11) and (12), and
the results of its measurement (Figure 5) amounted
to 86 % and 91 %, respectively, of the SD values
between the results of calculating the HRC hardness
of these steels according to formulas (11) and (12)
and its measurement.

The analysis results can be extended to other
functional processing of the indirect measurements
F(x,) and F(x,), that provide the same additional
relative error of calculation as the algorithm (3) [18].
For example, the analysis can be applied to the
geometric mean of the results of determining the
physical quantity F according to formulas (1) and (2):

F(xpxz): (1),(x1)-¢2(x2). (13)
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604 HRC °

504

o o

y=22.965In(x) +32.874
R2=0.7535

40
30-

201 o
10 , . , ' P[c,kA/I"ﬂ
0.5 1 1.5 2 2.5 3

‘60fHRC

501 *

401
y=-115.76x>+192.61x - 30.228

304  R2=0.7391

201 **
10 ' . . All,,, MA/m
0.8 0.9 1 1.1 1.2
b

Figure 4 — Correlation fields of dependences between /,
and HRC (a), M, and HRC (b) of steels 30 and 45, the
results of measuring the parameters of which in [4] are
given in Table 1, and the trend lines of these dependences

60{HRC .
°
50+
40 »=1.0044x
R>=0.8064
301
* o
)
201 **
10 HRC, calculation
20 30 40 50 60

Figure 5 — Correlation field of the relationship between
the results of calculating the HRC hardness of the studied
steels according to formula (3) and the results (Table 1)
of its measurement in [4] and the trend line of this
dependence

Indeed, let the value of F'be determined using the
results of measuring the parameter x, by formula (1)
with a relative error 9,, and using the results of
measuring the parameter x, using formula (2)—
with a relative error 6,. In this case, F(x,) = F(x,).
We use (Table 2) formulas [22] to calculate the
relative measurement errors introduced by algebraic
operations.

Table 2

Absolute and relative errors arising from the
application of certain algebraic functions

Function type ~ Absolute error ~ Relative error

A=a+b Ad=Ag+ap A _Aathb
A a+b

A Aa Ab

A=ab A =aAb+bAN\a —=—+—
A a b

A

A=4d" A =nd" 'Aa M=n—a
a

We obtain for the relative errors 8; and d,5 the
determination of the physical quantity F, respectively,
by formulas (3) and (13):

8, =0.5(8, +96,), (14)
(taking into account the fact that F(x,) = F(x,)),
8,; =0.5(5, +90,). (15)

Close relative errors 95 and 9,5 of determining
the physical quantity F by formulas (3) and (13),
in addition to formulas (14) and (15), are
shown (Table 1) by close results of applying
algorithms (3) and (13) to determine hardness HRC
of carbon steels according to the results of their M,
and A, measurements, given in Table 1.

The analysis of the influence of different factors
on the mean square deviation o, of the indirect
determination of the physical quantity F using two
parameters x; and x, correlated with F allows us to
draw the following conclusions.

Conclusion

The effect of reducing the mean square deviation
o, for determining the steel hardness (physical
quantity F') when using the second parameter x,
is most pronounced when the inverse correlation
between the parameters x, and x, with the maximum
modulus |R| the correlation coefficient R between
them. In this case, the most significant decrease in 6,
occurs at close values of the SD o, and o, between
the true values of F and the values calculated from
the results of indirect measurements of F using each
of the parameters x, and x,.

The application of the two-parameter method
will not provide a decrease in o for determining
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the hardness of steel (physical quantity /) compared
with the one-parameter method if the SD o, of
measurements of F using the second parameter
X, is more than 3 times greater than the SD o,
of calculating F using the first parameter x,.

Knowing the correlation coefficient R between
the parameters x; and x,, it is possible to calculate
the ratio 6,/ o, that, when determining the hardness
of steel (physical quantity /') by the parameters x,
and x,, will provide a specified reduction in the error
of its determination by the two-parameter method
compared to the one-parameter method. Achievable
in practice is an approximately four-fold decrease in
6 when measuring the hardness of steels by the two-
parameter method compared to the one-parameter
method: this requires the simultaneous fulfillment of
the conditions R <—0.9 and 6,/ 0, < 1.5.

The field of application of the result is measu-
rements in non-destructive testing and related
fields of physics and technology. The results of
the analysis will make it possible to select the
optimal parameters for the indirect two-parameter
determination of the hardness of steels and to
estimate the achievable error in determining the
hardness with their use.
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